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Abstract 
In the note, we present an upper bound for the spectral radius of Laplacian matrix of 
a graph in terms of a “2-degree” of a vertex. 0 1998 Elsevier Science Inc. All rights 
reserved. 
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Let G = (V, E) be a simple graph. The degree of the vertex u E V and the 
average of the degrees of the vertices adjacent to v are denoted by d, and m, 
respectively. Then d”m, is the “2-degree” of v [l]. The Laplacian matrix of a 
graph G is denoted by L(G). For each edge uu E E, choose one of U, v to be the 
positive end of UV, and the other to be the negative end. We refer to this 
procedure by saying G has been given an orientation. The oriented incidence 
matrix afforded by an orientation of G is denoted by Q = (Q(u, VW)), where 
( 
1 if u is the positive end of edge uw, 
Q(K 0~) = -1 if u is the negative end of edge VW, 
0 otherwise. 
Then L(G) = QQ’. D enote the eigenvalues of L(G) by Ai 3 1-2 2 . . . z jl, = 0. 
Among the known upper bounds for 2, are the following: 
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1. Anderson and Morley’s bound [2]: 
A1 6 max{d, + d,: uu E E}. (1) 
2. Merris’ bound [3]: 
A1 < max{d, + m,: u E V}. (4 
Denote the right side of (1) by r and suppose xy E E satisfies d, + dY = Y. Let 
s = max{d, + d,: uu E E \xy}. 
3. Li and Zhang’s bound [4] 
J&2+&-2)(&s-2). (3) 
It is obvious that both bounds (2) and (3) are better than bound (1). Further, 
Merris has pointed out that bound (2) is usually better than bound (3). The 
note. presents a bound which is better than (2). 
Lemma 1. Let B be the adjacency matrix of the line graph of G. If p is the largest 
eigenvalue of B + 21, where Z is the identity matrix, then 11 < p. 
Proof. Recall that L(G) = QQ’ and Q’Q have the same nonzero eigenvalues. 
Further, by ([5], p. 31), the largest eigenvalue of QTQ is not more than that of 
]Q’Q], where IAl stands for the matrix whose entries are absolute values of the 
entries of A. On the other hand, by [4], ]Q’Q] = B + 21. Hence the lemma 
holds. Cl 
Lemma 2 (See [5], p. 31). Let A be an n x n matrix with spectral radius p(A) and 
x be an n-tuple positive vector. Then 
where xi is the ith component of x. 
Theorem 3. Zf G is a graph, then 
A1 < max d,(d, + m,) + d,(d, + m,) : uu E E 
4 + 4 
. 
Proof. By the definition of the adjacency matrix B, if uv and xy are edges of G, 
then B(uu,xy) = 1 if uv and xy are adjacent, and 0, otherwise. Letfbe a column 
vector whose uvth component is d, + d,. Then the uvth component of (B + 2Z)f 
is 
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= 2(4 + 4) + CPU + 4) - (4 + 4) + C(dr + d,) - (d,. + d,) 
= d,” + cdy + d,’ + cdx 
= d,’ + d,,m, + d,’ + dc.m, 
= d,(d, + m,) + dv(dt, + m,,). 
so 
((B + Wf),” _ d,(d, + mu) + d,(4 + m,) 
fuv - du + d, 
The result now follows from Lemmas 1 and 2. 0 
It is easy to see that equality holds in (4) if G is a d-regular bipartite graph. 
Suppose max{d, + m,: u E V} = d, + m,. Then 
A(& + m,> + d,(d, + m,) < d,(d, + mX) + d,(d, + m,) 
d, + du ’ du + d, 
= d, + m, 
= max{d, + m,: u E V}. 
Hence bound (4) is better than bound (2). 
Acknowledgements 
The authors thank Professor R. Merris for sending us his paper [3]. 
References 
[l] D. Cao, Bounds on eigenvalues and chromatic numbers, Linear Algebra Appl. 270 (1998) I- 
13. 
[2] W.N. Anderson, T.D. Morley, Eigenvalues of the Laplacian of a graph, Linear and 
Multilinear Algebra 18 (1985) 141-145. 
[3] R. Merris, A note on Laplacian graph eigenvalues (preprint). 
[4] J.-S. Li, X.-D. Zhang, A new upper bound for eigenvalues of the Laplacian matrix of a graph, 
Linear Algebra Appl. 265 (1997) 93-100. 
[5] A. Berman, R.J. Plemmons, Nonnegative Matrix in Mathematics Science, Academic Press, 
New York, 1979. 
